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Abstract
A self-similar model for the unsteady, one-dimensional cylindrical shock waves in non-ideal gas is discussed in a rotating at-
mosphere under the action of monochromatic radiation. The ambient medium is assumed to possess radial, axial and azimuthal
component of ﬂuid velocities. The ﬂuid velocities within the ambient medium are assumed to be varying and obeying a power
law. Similarity solutions exist only when the surrounding medium is of constant density. The gas is assumed to be non-ideal and
the angular velocity of the ambient medium is assumed to be decreasing as the distance from the axis increases. It is investigated
that increase in the non-idealness of the gas and the adiabatic exponent of the gas decay the shock wave. It is observed that the
non-idealness of the gas and adiabatic exponent of the gas have same eﬀects on the ﬂow variables except radial component of ﬂuid
velocity. Also, the non-idealness of the gas decreases the radiation ﬂux and increases pressure and density, whereas the shock-Mach
number have opposite behaviour on them.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICOVP 2015.
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1. Introduction
In recent years the problems of radiative energy transfer in ﬂuids have received extensive attention as a consequence
of the increasing speeds of bodies through the atmosphere and the very high temperatures attained by gases in motion.
Using dimensional analysis, Sedov [1] analyse certain classes of self-similar solutions in a number of problems with
disturbed energy release. By using the self-similar technique developed by Sedov [1] several authors have studied
the problems of the interaction of radiation with gas dynamics. Investigations by Marshak [2] and Elliott [3] on one-
dimensional unsteady radiating shock motion are all restricted to the optically thick case. The problems of either
stationary or moving radiating walls, generating shock at the head of self-similar ﬂow-ﬁelds was discussed by Wang
[4], Helliwell [5] and Nicastro [6]. Ray and Bhowmick [7] have obtained the self-similar solutions for the central
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explosions in stars with radiation ﬂux when the shock is isothermal and transparent. Khudyakov [8] studied the self-
similar problem of the motion of a gas under the action of monochromatic radiation. A family of exact solutions of
one dimensional motion (plane, cylindrical or spherical symmetry) of a gas has been developed by Zheltukhin [9] by
taking into consideration of the absorption of monochromatic radiation. Nath and Takhar [10] and Nath [11] have
studied the propagation of cylindrical shock waves in a gas under the action of monochromatic radiation when the
medium is non-rotating or rotating.
Because of high pressure and density that usually occur behind a shock wave, produced by an explosion, the belief
that the gas is perfect is no more valid. In recent years, several studied are performed regarding the problem of shock
wave in non-ideal gases (see [12-16]) and many others. The popular alternative to the perfect gas might be a simpliﬁed
van der Waals model. Wu and Roberts [17], Roberts and Wu [18] adopted this model to discuss the shock wave theory
of sonoluminescence. In the present work, we too adopt this as our model of a non-ideal gas to ﬁnd how deviations
from the perfect gas will have an eﬀect on the self-similar solutions.
The problem of propagation of shock waves in a rotating interplanetary atmosphere assumes special signiﬁcance
in the study of astrophysical phenomena. In all of the works, mentioned above, the authors have considered only
azimuthal component of velocity in the ambient medium.
The purpose of this study is to obtain the self-similar solutions for the ﬂow with monochromatic radiation behind a
cylindrical shock wave propagating in a rotational axisymmetric ﬂow of a non-ideal gas with constant initial density,
that contains a variable azimuthal and axial ﬂuid velocities (Levin and Skopina [19], Nath [15,20]). The ﬂuid velocities
in the ambient medium are assumed to vary and obey the power laws. Also, the angular velocity of the ambient
medium is assumed to be obeying a power law and to be decreasing as the distance from the axis increases. It is
expected that such an angular velocity might occur within the atmospheres of rotating planets and stars.
Eﬀects of a change in the parameter of non-idealness of the gas, ratio of the speciﬁc heats of the gas and in the
shock-Mach number on the ﬂow variables and the shock strength are investigated. It is observed that an increase in
the ratio of speciﬁc heats and the parameter of the non-idealness of the gas have decaying eﬀect on the shock wave.
2. Equations of Motion and Boundary Conditions:
The fundamental equations for one-dimensional, unsteady axisymmetric rotational ﬂow of non-ideal gas under the
action of monochromatic radiation, neglecting heat-conduction, viscosity and radiation of the medium, in Eulerian
coordinates, may be expressed as (Khudyakov [8], Nath and Takhar [10], Nath [11], Levin and Skopina [19], Nath
[15,20], Zedan [21], Laumbach and Probstein [22] )
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∂ j
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where t and r are independent time and space coordinates; u, v, and w are the radial, azimuthal and axial components
of the ﬂuid velocity −→q in the cylindrical coordinates (r, θ, z); ρ, p, e and j are the density, the pressure, the internal
energy per unit mass and the monochromatic radiation at a radial distance r and time t respectively; K is the absorption
coeﬃcient.
Also,
v = Ar, (7)
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where ‘A’ is the angular velocity of the medium at radial distance r from the axis of symmetry. In this case the vorticity
vector
−→
ζ =
1
2
Curl −→q , has the components
ζr = 0, ζθ = −12
∂w
∂r
, ζz =
1
2r
∂
∂r
(rv). (8)
The system of equations (1) - (6) should be supplemented with an equation of state. Most of the phenomena asso-
ciated with shock wave arise in extreme conditions under which the ideal gas is not a suﬃciently accurate description.
To discover how deviations from the ideal gas can aﬀect the ﬂow behind a shock wave, we adopt a simple model. We
assume that the gas obey a simpliﬁed van der Waal equation of state of the form ( Nath [15], Wu and Roberts [17],
Roberts and Wu [18])
p =
Γ ρ T
(1 − ρ b) ; em = CvT =
p (1 − ρ b)
ρ (γ − 1) , (9)
where Γ is the gas constant, Cv =
Γ
γ − 1 is the speciﬁc heat at constant volume and γ is the ratio of speciﬁc heats. The
constant b is the van der Waal excluded volume; it places a limit, ρmax =
1
b
, on the density of the gas.
The absorption coeﬃcient K is considered to vary as (Khudyakov [8], Nath and Takhar [10], Nath [11])
K = K0 ρ
n pm jq rs tl, (10)
where the coeﬃcient K0 is a dimensional constant and the exponents n, m, q, s, l are rational numbers.
A diverging cylindrical shock wave is supposed to be propagating outwards from the axis of symmetry in the undis-
turbed non-ideal gas with constant density, which has zero radial velocity, a variable azimuthal and axial velocities.
The ﬂow variables immediately ahead of the shock front are
u = u0 = 0, (11)
ρ = ρ0 = constant, (12)
v = v0 = v
∗ Rλ, (13)
w = w0 = w
∗ Rσ, (14)
where v∗, w∗, λ and σ are constants, R being the radius of the shock surface, and the subscript ‘0’ refers to the
conditions immediately ahead of the shock.
The momentum Equation (2) in the undisturbed state of the gas, gives
p0 =
v∗2 ρ0
2λ
R2λ, λ  0. (15)
Ahead of the shock, the components of the vorticity vector, therefore vary as
ζr0 = 0, ζθ0 = −
w∗σ
2
Rσ−1, ζz0 =
(1 + λ)v∗
2
Rλ−1. (16)
From equations (7) and (13), we ﬁnd that the initial angular velocity of the medium vary as
A0 = v
∗ Rλ−1. (17)
The jump conditions at the shock wave propagating into non-ideal gas which is transparent for the radiation ﬂux,
are given by the conservation of mass, momentum and energy across the shock, namely,
ρ1 =
ρ0 (γ + 1)[
2
M∗2
+ 2b + γ − 1
] , u1 = 2V(γ + 1)
[
1 − b − 1
M∗2
]
, p1 =
[
(1 − b)2γM∗2 − γ + 1
]
γM∗2(γ + 1)
ρ0V
2,
v1 = v0 , w1 = w0 , j1 = j0 , (18)
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where the subscript ‘1’ denotes the conditions immediately behind the shock front, V
(
=
dR
dt
)
denotes the velocity of
the shock front, M∗ =
(
ρ0V
2
γp0
) 1
2
is the shock-Mach number referred to the frozen speed of sound
(
γp0
ρ0
) 1
2
and b = ρ0 b .
Following Levin and Skopina [19] and Nath [15,20], we obtained the jump conditions for the components of
vorticity vector across the shock front as
ζθ1 =
ζθ0
β
, ζz1 =
ζz0
β
. (19)
The dimensions of the constant coeﬃcient K0 in equation (10) are given by (Vishwakarma and Pandey [16] )
[K0 ] = M
−n−m−q L3n+m−s−1 T 2m+3q−l. (20)
Following the approach of Sedov [1], we get the conditions under which the formulated problem will have self-
similar solutions. The dimensional constants in the present problem will be ρ0 , p0 , j0 and K0 in which j0 , p0 , ρ0 are
related as
j0 = p
3/2
0
ρ−1/2
0
. (21)
For self-similarity the radiation absorption coeﬃcient K0 must be dependent on the dimensions of j0 , ρ0 , which is
equivalent to s + l = −1. The self-similar independent dimensionless variable η is taken in the form η = r
R
, where
R = β j1/3
0
ρ1/3
0
t. (22)
The value of the constant β is so chosen that η = 1 at the shock surface.
3. Self–similarity Transformations
To obtained the similarity solutions, the ﬁeld variables describing the ﬂow pattern can be written in terms of the
dimensionless functions of η such that (Nath and Takhar [10], Nath [11], Vishwakarma and Pandey [16])
u = VU(η), v = Vφ(η), w = VW(η), p = ρ0V
2P(η), ρ = ρ0G(η), j = j0 J(η), (23)
where U, φ , W, P, G and J are function of η only.
Using the similarity transformation (23), the system of governing equations (1)–(6) can be transformed and sim-
pliﬁed to the following system of ordinary diﬀerential equations:
U′ =
⎡⎢⎢⎢⎢⎣γPU + 2P λ η (1 − bG) + {Uλ η − φ2}G (η − U) (1 − bG) − (γ − 1)
γ
3
2 M∗3
(η J′ + J)
⎤⎥⎥⎥⎥⎦
η
[
G (η − U)2 (1 − bG) − γP
] , (24)
G′ =
G (U′η + U)
η (η − U) , (25)
P′ =
γP (ηU′ + U) + 2 P λ η (1 − bG) − (γ − 1)
γ
3
2 M∗3
(η J′ + J)
η (η − U) (1 − bG) , (26)
φ′ =
φ (U + λ η)
η (η − U) , (27)
W ′ =
Wλ
(η − U) , (28)
J′ = ξ
(
γ
3
2 M∗3
)−q
ηs Gn Pm Jq+1. (29)
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where ξ = K0 (1 − λ)s+1 ρn+m+q0 . (30)
Also, 2m+3q+s+1 = 0 was necessary to use to obtain the similarity transformation. The quantity ξ is a dimensionless
constant, taken as the parameter which characterizes the interaction between the gas and the incident radiation ﬂux
(Khudyakov [8], Nath and Takhar [10], Nath [11]).
Applying the similarity transformations on equation (8), we obtained the non-dimensional components of the
vorticity vector lr =
ζr
V/R
, lθ =
ζθ
V/R
, lz =
ζz
V/R
in the ﬂow-ﬁled behind the shock as
lr = 0, lθ = − Wλ2 (η − U) , lz =
φ(λ + 1)
2 (η − U) . (31)
Using the similarity transformations (23), the shock conditions (18) are transformed into
G(1) =
(γ + 1)[
2
M∗2
+ 2b + γ − 1
] , U(1) = 2
(γ + 1)
[
1 − b − 1
M∗2
]
, P(1) =
[
(1 − b)2γM∗2 − γ + 1
]
γM∗2(γ + 1)
,
φ(1) =
√
2λ (1 − λ)
β (ρ0 )
2
3
, W(1) =
w∗
√
2λ (1 − λ)
β v∗(ρ0 )
2
3
, J(1) = 1, (32)
where σ = λ was necessary to use to obtain the similarity solution.
At the inner boundary (surface) of the ﬂow-ﬁled behind the shock, the condition is that the velocity of the surface
is equal to the normal velocity of the ﬂuid on the surface. This kinematic condition from equation (23) can be written
as
U(ηp) = ηp, (33)
where ηp is the value of η at the inner boundary surface.
Normalizing the variables u, v,w, p, ρ, and j with their respective values at the shock, we obtain
u
u1
=
U(η)
U(1)
,
v
v1
=
φ(η)
φ(1)
,
w
w1
=
W(η)
W(1)
,
p
p1
=
P(η)
P(1)
,
ρ
ρ1
=
G(η)
G(1)
,
j
j1
=
J(η)
J(1)
. (34)
4. Results and discussion
The set of diﬀerential equations (24)- (29) have been integrated numerically with the boundary conditions (32)
and (33) to obtain the distributions of the ﬂow variables in the ﬂow-ﬁeld behind the shock front by the fourth order
Runge-Kutta method. For the purpose of numerical integration, the values of the constant parameters are taken to be
(Khudyakov [8], Nath and Takhar [10], Nath [11], Nath [15,20] ) γ =
4
3
,
5
3
; n = −1
2
; q = 0; s = 1; m = −1; ξ =
0.1; λ = −1
2
; M∗ = 4, 5; b = 0, 0.05, 0.1. The value b = 0 corresponds to the perfect gas case.
Table 1 shows the position of the piston ηp for diﬀerent values of M∗, γ and b with n = −12 ; q = 0; s = 1; m =−1; ξ = 0.1.
Figures 1(a)-(h) show the variation of the ﬂow variables
u
u1
,
v
v1
,
w
w1
,
p
p1
,
ρ
ρ1
,
j
j1
, the non-dimensional azimuthal
component of vorticity vector lθ, and the non-dimensional axial component of vorticity vector lz against the similarity
variable η at various values of the parameters M∗, b and γ.
Fig. 1(a) shows that the reduced radial component of ﬂuid velocity
u
u1
decreases near the shock front and increases
near the piston whereas it increases for b = 0.1 as we move from the shock front to the piston. Figures 1(b) - (h) show
that reduced azimuthal component of ﬂuid velocity
v
v1
, the reduced pressure
p
p1
, the reduced density
ρ
ρ1
, the radiation
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(a) (b) (c)
(d) (e) (f)
(g) (h)
Fig. 1: Variation of the reduced ﬂow variables in the region behind the shock front (a) the radial component of ﬂuid velocity
u
u1
, (b) the azimuthal
component of ﬂuid velocity
v
v1
, (c) the axial component of ﬂuid velocity
w
w1
, (d) the pressure
p
p1
, (e) the density
ρ
ρ1
, (f) the radiation ﬂux
j
j1
,
(g) the non-dimensional azimuthal component of vorticity vector lθ, (h) the non-dimensional axial component of vorticity vector lz :
1. M∗ = 4, γ = 4
3
, b = 0; 2. M∗ = 4, γ = 4
3
, b = 0.05; 3. M∗ = 4, γ = 4
3
, b = 0.1; 4. M∗ = 4, γ = 5
3
, b = 0; 5. M∗ = 4, γ = 5
3
, b = 0.05;
6. M∗ = 4, γ = 5
3
, b = 0.1; 7. M∗ = 5, γ = 4
3
, b = 0; 8. M∗ = 5, γ = 4
3
, b = 0.05; 9. M∗ = 5, γ = 4
3
, b = 0.1; 10. M∗ = 5, γ = 5
3
, b = 0;
11. M∗ = 5, γ = 5
3
, b = 0.05; 12. M∗ = 5, γ = 5
3
, b = 0.1.
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Table 1: The position of the piston surface ηp for diﬀerent values of M∗, b and γ with n = −12 ; q = 0; s = 1; m = −1; ξ = 0.1; λ = −
1
2
.
M∗ b Position of the piston surface ηp
γ =
4
3
γ =
5
3
4 0 0.79506 0.72479
0.05 0.77606 0.70509
0.1 0.75313 0.68471
5 0 0.82055 0.74380
0.05 0.79894 0.72466
0.1 0.77666 0.70490
ﬂux
j
j1
decreases; whereas the reduced axial component of ﬂuid velocity
w
w1
, the reduced azimuthal component of
vorticity vector lθ and the axial component of vorticity vector lz increases as we move inwards from the shock front to
the piston.
From Table 1 and Figures 1(a)-(h) it is found that the eﬀects of an increase in the value of the parameter of non-
idealness of the gas b are
(i) to decrease ηp, i.e. to increase the distance of the piston from the shock front. Physically it means that the gas
behind the shock is less compressed, i.e. the shock strength is decreased (see Table 1);
(ii) to increase the reduced radial component of ﬂuid velocity
u
u1
, the reduced azimuthal component of ﬂuid velocity
v
v1
, the reduced pressure
p
p1
and the reduced density
ρ
ρ1
but to decrease the reduced axial component of ﬂuid
velocity
w
w1
, the radiation ﬂux
j
j1
, the non-dimensional azimuthal component of vorticity vector lθ and the non-
dimensional axial component of vorticity vector lz at any point in the ﬂow-ﬁeld behind the shock front (see
Figures 1(a)-(h) ) .
The eﬀects of an increase in the value of adiabatic exponent γ are
(i) to increase the distance of the piston from the shock front, i.e. the ﬂow-ﬁeld behind the shock become somewhat
rareﬁed. This shows that there is a decrease in the shock strength (see Table 1);
(ii) to increase the reduced radial component of ﬂuid velocity
u
u1
for b = 0, 0.05 in the ﬂow-ﬁeld behind the shock
front in general, whereas it decreases with an increase in the adiabatic exponent γ for b = 0.1 (see Fig. 1(a));
(iii) to increase the reduced azimuthal component of ﬂuid velocity
v
v1
, the reduced pressure
p
p1
and the reduced density
ρ
ρ1
, but to decrease the reduced axial component of ﬂuid velocity
w
w1
, the radiation ﬂux
j
j1
, the non-dimensional
azimuthal component of vorticity vector lθ, and the non-dimensional axial component of vorticity vector lz at any
point in the ﬂow-ﬁeld behind the shock front (see Figures 1(b) - (h)).
The eﬀects of an increase in the value of shock-Mach number M∗ are
(i) to increase ηp, i.e. to decrease the distance of the piston from the shock front. This shows that there is an increase
in the shock strength (see Table 1);
(ii) to increase the reduced radial component of ﬂuid velocity
u
u1
, the reduced axial component of ﬂuid velocity
w
w1
,
the radiation ﬂux
j
j1
, the non-dimensional azimuthal component of vorticity vector lθ, and the non-dimensional
axial component of vorticity vector lz, but to decrease the reduced azimuthal component of ﬂuid velocity
v
v1
, the
reduced pressure
p
p1
and the reduced density
ρ
ρ1
at any point in the ﬂow-ﬁeld behind the shock front (see Figures
1(a)-(h) ) .
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5. Conclusion
The present work investigates the unsteady adiabatic self-similar ﬂow behind a cylindrical shock wave under the
action of monochromatic radiation propagating in a rotational axisymmetric non-ideal gas. The density of the ambient
medium is taken to be uniform. The present work is the extension of the work of Nath and Takhar [10] and Nath [11]
by taking the medium a non-ideal gas in place of an ideal gas. Also, the rotation of the medium and the component of
the vorticity vector are taken into account. The shock waves in rotational axisymmetric non-ideal gas can be important
for description of shocks in supernova explosions, in the study of a ﬂare produced shock in solar wind, central part of
star burst galaxies, nuclear explosion, rupture of a pressurized vessel etc. On the basis of this work, one may draw the
subsequent conclusions:
(i) The non-idealness of the gas decreases the shock strength, widens the disturbed region between the shock and
the piston, and aﬀects the ﬂow behind the shock signiﬁcantly.
(ii) The increase in the ratio of speciﬁc heats of the gas and the non-idealness of the gas b have decaying eﬀects on
the shock strength, and have the same aﬀects on the ﬂow variables for b = 0, 0.05 .
(iii) An increase in the shock-Mach number increase the ﬂow variables
u
u1
,
w
w1
,
j
j1
, lθ, lz and the shock strength,
whereas reverse behaviour is observed in the case of the ﬂow variables
v
v1
,
p
p1
,
ρ
ρ1
.
(iv) The shock-Mach number M and the parameter of the non-idealness of the gas b have opposite behaviour on the
ﬂow variables
v
v1
,
w
w1
,
p
p1
,
ρ
ρ1
,
j
j1
, lθ, lz, and the shock strength.
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